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Group classification of classes of mKdV-like equations with time-dependent coefficients is carried 
out. The usage of equivalence transformations appears to be a crucial point for the exhaustive 
solution of the problem. We prove that all the classes under consideration are normalized. This 
allows us to formulate the classification results in three ways: up to two kinds of equivalence 
(which are generated by transformations from the corresponding equivalence groups and all 
admissible point transformations) and using no equivalence. A simple way for the construction 
of exact solutions of mKdV-like equations using equivalence transformations is described. 
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1 Introduction 



In the last decade there is an explosion of research activity in the investigation of different gen- 
eralizations of the well-known equations of mathematical physics such as the KdV and mKdV 
equations, the Kadomtsev-Petviashvili equation, nonlinear Schrodinger equations, etc. A num- 
ber of the papers devoted to the study of variable coefficient KdV or mKdV equations with 
' time-dependent coefficients were commented in [21] . Common feature of the commented papers 

is that results were obtained mainly for the equations which are reducible to the standard KdV 
or mKdV equations by point transformations. Moreover we noticed that usually even for such 
Q\ ' reducible equations the authors do not use equivalence transformations and perform compli- 

cated calculations of systems involving a number of unknown functions using computer algebra 
packages. It appears that the usage of equivalence transformations allows one to obtain further 
results in a simpler way. 

The aim of this paper is to demonstrate this fact and to present the correct group classifi- 
cation of a class of variable coefficient mKdV equations. Namely, we investigate Lie symmetry 
properties and exact solutions of variable coefficient mKdV equations of the form 



Ut + u 2 u x + g(t)u xxx + h(t)u = 0, (1) 

where g and h are arbitrary smooth functions of the variable t, g ^ 0. It is shown in Section 2 
that using equivalence transformations the function h can be always set to the zero value and 
therefore the form of h does not affect results of group classification. So, at first we carry out the 
exhaustive group classification of the subclass of class (P) singled out by the condition h = 0. 
Then using the classification list obtained and equivalence transformations we present group 
classification of the initial class ( [I]) . 

Moreover, equivalence transformations appear to be powerful enough to present the group 
classification for much wider class of variable coefficient mKdV equations of the form 

u t + f{t)u 2 u x + g{t)u xxx + h{t)u + (p(t) + q(t)x)u x + k(t)uu x + l(t) = 0, (2) 

where all parameters are smooth functions of the variable t, fg 7^ and the parameters /, h, k 
and I satisfy the condition 

2lf = k t + kh-kj. (3) 
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This result can be easily obtained due to the fact that the group classification problem for 
class ([2j) can be reduced to the similar problem for class (pQ) with h = if and only if condi- 
tion (|3l) holds. Namely, equations ([2]) whose coefficients satisfy ([3]) are transformed to equations 
from class (pQ) with h = by the point transformations (see Remark 1 for details). Equations 
from class ([2]) are important for applications and, in particular, describe atmospheric blocking 
phenomenon [22J. 

An interesting property of the above classes of differential equations is that they are normal- 
ized, i.e., all admissible point transformations within these classes are generated by transforma- 
tions from the corresponding equivalence groups. Therefore, there are no additional equivalence 
transformations between cases of the classification lists, which are constructed using the equiva- 
lence relations associated with the corresponding equivalence groups. In other words, the same 
lists represent the group classification results for the corresponding classes up to the general 
equivalence with respect to point transformations. 

Recently the authors of |9j obtained a partial group classification of class (pQ) (the notation a 
and b was used there instead of h and g, respectively.) The reason of failure was neglecting an 
opportunity to use equivalence transformations. This is why only some cases of Lie symmetry 
extensions were found, namely the cases with h = const and h = 1/t. 

In this paper we at first carry out the group classification problems for class (pQ) and for the 
subclass of ([2]) singled out by condition ([3]) up to the respective equivalence groups. (Through- 
out the paper we use the notation ©Iq for the latter subclass.) Then using the obtained 
classification lists and equivalence transformations we present group classifications of classes ([I]) 
and ([2]) | ^ without the simplification of both equations admitting extensions of Lie symmetry 
algebras and these algebras themselves by equivalence transformations. The extended classi- 
fication lists can be useful for applications and convenient to be compared with the results 
of [9]. 

Note that in j6[[l3] group classifications for more general classes that include class ([2]) were 
carried out. Nevertheless those results obtained up to very wide equivalence group seem to be 
inconvenient to derive group classifications for classes (pQ) and ([2]). 

In Section 5 we show how equivalence transformations can be used to construct exact solutions 
for those equations from class ([2]) and its subclass (pQ) which are reducible to the standard mKdV 
equation. 

2 Equivalence transformations and mapping of class (1) 
to a simpler one 

An important step under solving a group classification problem is the construction of the equiv- 
alence group of the class of differential equations under consideration. The usage of transfor- 
mations from the related equivalence group often gives an opportunity to essentially simplify 
a group classification problem and to present the final results in a closed and concise form. 
Moreover, sometimes this appears to be a crucial point in the exhaustive solution of such prob- 
lems [21231123! ■ 

There exist several kinds of equivalence groups. The usual equivalence group of a class of 
differential equations consists of the nondegenerate point transformations in the space of inde- 
pendent and dependent variables and arbitrary elements of the class such that the transformation 
component for the variables do not depend on arbitrary elements and each equation from the 
class is mapped by these transformations to equations from the same class. If any point trans- 
formation between two fixed equations from the class belongs to its (usual) equivalence group 
then this class is called normalized in the usual sense. See theoretical background on normalized 
classes in [151150] . 
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We find the equivalence group G± of class (P) using the results obtained in [21 j for more 
general class of variable coefficient mKdV equations. Namely, in [21j a hierarchy of normalized 
subclasses of the general third-order evolution equations was constructed. The equivalence group 
for normalized class of variable coefficient mKdV equations ([2]) (without restriction on values of 
arbitrary elements) as well as criterion of reducibility of equations from this class to the standard 
mKdV equation were found therein. 

The equivalence group G~ of class ([2]) consists of the transformations 

t = a(t), x = (3(t)x + 7(t), u = 9(t)u + ip(t), (4) 

where a, 7, 9 and ip run through the set of smooth functions of t, at(39 7^ 0. The arbitrary 
elements of ([2]) are transformed by the formulas 

f = — 30 /> 9 = —9, h = — 



^i^-^-^-.f), ,5, 



The criterion of reducibility to the standard mKdV equation obtained in [21] reads as follows. 

Proposition 1. An equation of form ([2]) is similar to the standard (constant coefficient) mKdV 
equation if and only if its coefficients satisfy the conditions 

2/i-2g = 4--, 2lf = k t + kh-k^. (6) 
f 9 f 

Class (QJ is a subclass of class ([2]) singled out by the conditions / = 1 and p = q = k = l = 0. 
Substituting these values of the functions f,p, q, k and / to © we obtain the following assertion. 

Corollary 1. An equation from class ([1]) is reduced to the standard mKdV equation by a point 
transformation if and only if 

2h = - 9 -±, 
9 

i.e. if and only if g(t) = coexp(— 2 j h(t)dt), where cq is an arbitrary nonzero constant. 

As class (2) is normalized |21j . its equivalence group G~ generates the entire set of admissible 
(form-preserving) transformations for this class. Therefore, to describe of the set of admissible 
transformations for class (pQ) we should set f = f = 1, p = p = q = q = k = k = l = l = 
in ([5]) and solve the resulting equations with respect to transformation parameters. It appears 
that projection of the obtained transformations on the space of the variables t, x and u can be 
applied to an arbitrary equation from class ([1]). It means that set of admissible transformations 
of class ([T]) is generated by transformations from its equivalence group and therefore this class 
is also normalized. 

Summing up the above consideration, we formulate the following theorem. 

Theorem 1. Class ([I]) is normalized. The equivalence group of this class consists of the 
transformations 

dt 

m 



t = (3 f QU , 2 , x = /3x + 7, u = 8(t)u, 



h = -(8h-9 t ), g = P 2 e 2 g, 

where ft and 7 are arbitrary constants, (3^0 and the function 9 is an arbitrary nonvanishing 
smooth function of the variable t. 
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The parameterization of transformations from the equivalence group G^ by the arbitrary 
function 9(t) allows us to simplify the group classification problem for class ([I]) via reducing the 
number of arbitrary elements. For example, we can gauge arbitrary elements via setting either 
h = or g = 1. Thus, the gauge h = can be made by the equivalence transformation 

t = J e~ 2 S h ® *dt, x = x, u = e* h{t) dt u, (7) 

that connects equation ([I]) with the equation u^+u 2 u x +g(t)u xxx = 0. The new arbitrary element 
g is expressed via g and h in the following way: 

This is why without loss of generality we can restrict the study to the class 

u t + u 2 u x + g(t)u xxx = 0, (8) 

since all results on symmetries and exact solutions for this class can be extended to class (JT]) 
with transformations of the form ([7j) . 

The equivalence group for class (JSJ) can be obtained from Theorem 1 by setting h = h = 0. 
Note that class ([8]) is also normalized. 

Theorem 2. The equivalence group Gq of class ([8]) is formed by the transformations 

t = -prt + S\, x = 5 2 x + 5 3 , u = 5 4 n, g = d 2 S 2 g, 
where Sj, j = 1, ... ,4, are arbitrary constants, 6264 7^ 0. 

Corollary 2. The equivalence algebra cj~ of class (jHJ) is spanned by the operators dt, d x , tdt — 
\ud u — gd g and tdt + xd x + 2gd g . 

Remark 1. An equation from class ([2]) is reducible to an equation from class (J8|) by a point 
transformation if and only if its coefficients /, h, k and / satisfy the second condition of Q, i.e., 
condition Q. The corresponding transformation from G~ has the form 

t = J fe~ f(i+^dt, x = e-f * dt x - f (p-^je-f^dt, 

u = ef hdt (u + ^, g = ie 2 /^)*. (9) 

In particular, condition d3]) implies that all equations from class ([2]) with k = I = are reducible 
to equations from class (jSJ). 

3 Lie symmetries 

We at first carry out the group classification of class ([8]) up to G^-equivalence. In this way we 
simultaneously solve the group classification problems for class ([I]) up to G^-equivalence and 
for the class up to C-equivalence (see explanations below). Then using the obtained 

classification lists and equivalence transformations we are able to present group classifications of 
classes ([1]) and without the simplification of equations with wider Lie invariance algebras 

by equivalence transformations. These extended classification lists can be useful for applications 
and convenient to be compared with the results of [9]. 

Group classification of class ([8]) is carried out in the framework of the classical approach [16] . 
All required objects (the equivalence group, the kernel and all inequivalent cases of extension of 
the maximal Lie invariance algebras) are found. 
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Namely, we look for the operators of the form Q = r(t, x, u)dt+£(t, x, u)d x +rj(t, x, u)d u , which 
generate one-parameter groups of point symmetry transformations of equations from class ([8]). 
These operators satisfy the necessary and sufficient condition of infinitesimal invariance, i.e. 
action of the r-th prolongation of Q to the (r-th order) differential equation (DE) results 
in identical zero, modulo the DE under consideration. See, e.g., [12^[T4. 16J for details. Here we 
require that 

(ut + u 2 u x + g(t)u xxx ) = (10) 

identically, modulo equation (JBJ). 

After elimination of ut due to dH), condition (|10p becomes an identity in eight variables, 
namely, the variables t, x, u, u x , u XXl ut x , ut xx and u xxx . In fact, equation (fTUj) is a multivariablc 
polynomial in the variables u x , ut x , u xx , ut xx and u xxx . The coefficients of the different powers 
of these variables must be zero, giving the determining equations on the coefficients r, £ and 
r\. Since equation ([8]) has a specific form (it is a quasi-linear evolution equation, the right hand 
side of ([8]) is a polynomial in the pure derivatives of u with respect to x etc), the forms of the 
coefficients can be simplified. That is, r = r(t), £ = £(t,x) ^10\\TT\ and, moreover, rj = Q{t,x)u. 
Then splitting with respect to u leads to the equations Ct = Cx = 0, & = £, xx = 0, Tt — Cx + 2C = 
and rgt = (3£ x — Tt)g. Therefore, we obtain the coefficients of the infinitesimal operator Q in 
the form 

T = Clt + C 2 , £ = C 3 X + C 4 , 7} = -(C 3 - Cl)u, 

and the classifying equation which includes arbitrary element g 

(dt + c 2 ) g t = (3c 3 - c x )g. (11) 
The study of the classifying equation leads to the following theorem. 

Theorem 3. The kernel Q n of the maximal Lie invariance algebras of equations from class (|8|) 
coincides with the one- dimensional algebra (d x ). All possible Gq -inequivalent cases of extension 
of the maximal Lie invariance algebras are exhausted by the cases 1-3 of Table 1. 

Table 1. The group classification of the class u t 4- u 2 u x + gu xxx = 0, g ^ 0. 



N 


git) 


Basis of A max 





V 


d x 


1 


St n , n^0 


d x , 6tdt + 2(n + l)xd x + {n — 2)ud u 


2 


8e l 


d x , Gd t + 2xd x + ud u 


3 


5 


d x , d t , 3td t + xd x - ud u 



Here 5 = ±1 mod Gq , n is an arbitrary nonzero constant. 

Proof. As class ([8|) is normalized, it is also convenient to use a version of the algebraic method 
of group classification or combine this method with the direct investigation of the classifying 
equation [5J. The procedure which we use is the following. We consider the projection Pg~ 
of the equivalence algebra g~ of class ([8]) to the space of the variables (t,x,u). It is spanned 
by the operators dt, d x , D t = tdt — \ud u and D x = xd x + \ud u . For any g the maximal Lie 
invariance algebra of the corresponding equation from class © is a subalgebra of in view of 
the normalization of this class and contains the kernel algebra g n = (d x ). The algebra Pg~ can 
be represented in the form Pg~ = g n £ g ext , where g n and g ext = D x ,dt) is an ideal and a 
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subalgebra of P0~, respectively. Therefore, each extension of the kernel algebra n is associated 
with a subalgebra of cxt . In other words, to classify Lie symmetry extensions in class ([8]) up 
to G^-equivalence it is sufficient to classify G^-inequivalent subalgebras of g ext and then check 
what subalgebras are agreed with the classifying equation (jlip and corresponds to a maximal 
extension. The complete list of G^-inequivalent subalgebras of ext is exhausted by the following 
subalgebras: 

00 = {0}, 9 a 1 , 1 = (D t + aD x ), 9 i 2 = (D x + bd t ), 01 . 3 = (d t ), g 2S = (D\ IP), 
Q a 2 . 2 = (D t + aD x ,d t ) : Q 2 .3 = (D x ,d t ), Q 3 = (D t ,D*,d t ), 

where the parameter b can be scaled to any appropriate value if it is nonzero. We fix a subalgebra 

from the above list and substitute the coefficients of each basis element of this subalgebra into 

the classifying equation (jlip . As a result, we obtain a system of ordinary differential equations 

with respect to the arbitrary element g. The systems associated with the subalgebras Qi2> 02 2 > 

where a ^ 1/3, 02.3 and 03 are not consistent with the condition g / 0. The extensions given 

1/3 

by the subalgebras 01.3 and are not maximal since the maximal Lie invariance algebra in 

the case gt = coincides with 03. The subalgebras 0o, 0?.ij 0i.2 an d 02.2 j wnere a ^ 1/3 and 
b 7^ 0, correspond to cases 0, 1, 2 and 3, respectively. The parameter n appearing in case 2 is 
connected with the parameter a via the formula n = 3a — 1, in case 3 the parameter b is scaled 
to the value b = 3. □ 

For any equation from class (JTJ) there exists an imaged equation in class ([8]) with respect to 
transformation © (resp. in class with respect to transformation ([9])). The equivalence 

group Gq of class ([8]) is induced by the equivalence group G^ of class ([2]) which, in turn, is 
induced by the equivalence group G~ of class ([2]). These guarantee that Table 1 presents also 
the group classification list for class (H|) up to G^-equivalence (resp. for the class ©Ijg up 
to G~-equivalence). As all of the above classes are normalized, we can state that we obtain 
Lie symmetry classifications of these classes up to general point equivalence. This leads to the 
following corollary of Theorem 3. 

Corollary 3. An equation from class ([I]) (resp. class ([2j) J admits a three-dimensional Lie 
invariance algebra if and only if it is reduced by a point transformation to constant coefficient 
mKdV equation, i.e., if and only if g(t) = coexp(— 2 J h(t)dt), where cq is an arbitrary nonzero 
constant (resp. if and only if conditions © hold). 

Remark 2 (On contractions). There exists a connection between cases 1 and 2 of Table 1 
which is realized via a limit process called contraction. Examples of such connections aris- 
ing as limits between equations and their Lie invariance algebras are presented in [3lHlll9j. 
The precise definition and mathematical background for contractions of equations, algebras of 
symmetries and solutions were first formulated in [8J. To make the limit process from case 1 
to case 2, we apply equivalence transformation T: t = n(t — 1), x = n 1//3 x, u = n _1 / 3 n 
to the equation ut + u 2 u x + St n u xxx = (case 1 of Table 1), which results in the equation 
ui + v?u x + 5 (t/n + l) n u xxx = 0. Then we proceed to the limit n — > +00 and obtain the equa- 
tion ui + u 2 u x + 5e t u xxx = (case 2 of Table 1). The same procedure allows one to obtain 
contraction between the corresponding Lie invariance algebras. 

To derive group classification of class ([T]) which are not simplified by equivalence transforma- 
tions, we at first apply equivalence transformations from the group Gq to the classification list 
presented in Table 1 and obtain the following extended list: 

0. arbitrary g: (d x ); 

1. g = c (t + Cl ) n : (d x ,6(t + c 1 )d i + 2(n + l)xd x + (n-2)udu); 
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2. g = coe mt : (8%, 6<9 4 ~ + 2mxd x + mud u ); 

3. g = c : (8$, d h 3i<9 t ~ + xd$ - u8q). 

Here Co, c±, m and n are arbitrary constants, CQfnn ^ 0. 

Then we find preimages of equations from class ui + u 2 u x + 9(t)u xxx = with arbitrary 
elements collected in the above list with respect to transformation (|7|). The last step is to 
transform basis operators of the corresponding Lie symmetry algebras. The results are presented 
in Table 2. 



Table 2. The group classification of the class u t + u 2 u x + gu xxx + hu = 0, g ^ 0. 



N 


hit) 


g(t) 


Basis of A niax 





V 


V 


d x 


1 


V 


c [Je- 2 S hdt dt + c 1 j e - 2 S hdt 


d x , Hd t + 2(n + l)xd x + (n - 2 - hH)ud u 


2 


V 


Coe J{™e- 2fhdt -2h)dt 


d x , &e 2 $ hdt d t + 2mxd x + (m- 6he 2 f hdt ^ ud u 


3 


V 


Coe -2jhdt 


dx 6 2f hdt (9t _ ^ FSt + 2a ,^ _ (2 + ^y)^ 



Here Co, ci, m and n are arbitrary constants, comn ^ 0, and H = 6e 2 / ' idt ( / e~ 2 / hdt dt + c x ) . In 
case 3 ci = in the formula for H . 



Now it is easy to see that Table 2 includes all cases presented in [9] as partial cases. 

In a similar way, using transformations © we obtain group classification of class ©Ig} 
without simplification by equivalence transformations. The corresponding results are collected 
in Table 3. 

Table 3. The group classification of the class 
u t + fu 2 u x + gu xxx + hu + (p + qx)u x + kuu x + [k t + kh - k^f) = 0, fg ^ 0. 



N 


g(t) 


Basis of A max 





V 


ef qdt d x 


1 


co/e 2 


ef qdt d x , H 
2(n + l)Q 


d t + 
d x + 


(qH + 2n + 2)x + H 
(n-2-hH)u+ 


M)- 

n - 2) - ;h 


d u 


2 


c f e l( mfe ~ nq+2h)dt+2q - 2h ) dt 




Ji dt d x , Fd t + 
(to - hF)u + \ 


(qF + 2 
4 'I' 


<ri)x + f{p-^)~ 2m Q 


d x + 


3 


Cofe 2f(q-h)dt 


e 


>J qdt d x , F 
(qH + 2)a 


d t + (qx + p 


) - 2Q] d x - 


m + l)d u , Hd t + 
(2 + hH)u+ if +lH\d u 



The functions /, h, p, q and k are arbitrary functions of the variable t in all cases, / ^ 0. 
cq, ci, to and n are arbitrary constants, comn =/= 0, 



F = j e ^ q + 2h ^ dt 1 H = F(j fe~ ^ q+2h) dt dt + c x ) , 
Q = e I qdt /(p-$J) e-f qdt dt, l = ^j(k t + kh- kfy . 
In case 3 ci = in the formula for if. 



7 



4 Construction of exact solutions using 
equivalence transformations 



A number of recent papers concern the construction of exact solutions to different classes of KdV- 
or mKdV-like equations using e.g. such methods as "generalized (G'/G)-expansion method", 
"Exp-function method", "Jacobi elliptic function expansion method", etc. A number of refer- 
ences are presented in [21]. Moreover, we have noticed that usually authors of the above papers 
did not use equivalence transformations and carry out complicated calculations for solution of 
systems involving a number of arbitrary functions using computer algebra packages. Neverthe- 
less, almost in all cases exact solutions were constructed only for equations which are reducible 
to the standard KdV or mKdV equations by point transformations and usually these were only 
solutions similar to the well-known one-soliton solutions. In this section we show that the usage 
of equivalence transformations allows one to obtain more results in a simpler way. 
The iV-soliton solution of the mKdV equation in the canonical form 

U t + 6U 2 U X + U xxx = (12) 

were constructed as early as in the seventies using the Hirota's method |2j. The one- and 
two-soliton solutions of equation (|12p have the form 



k 2 

U = a + ^==^ , z = k x - k (6a 2 + kl)t + b, (13) 

y 4a 2 + fcg cosh z + 2a 

' 1 1 \ 2 / A \ 2 ' 
e e 1+ e e 2 \ + h _ e e 1+ e 2 

2a\ 2a 2 / \ 4aia 2 / 

where ko,a,b,ai,bi are arbitrary constants, 9{ = a^x — aft + 6j, % = 1, 2; A = I — — — ) . 

V": • "2/ 

Rational solutions which can be recovered by taking a long wave limit of soliton solutions are 
also known for a long time [HQS]. Thus, the one- and two-soliton solutions give the rational 
solutions 

12a ( z 4 + -^z 2 - -i-j - 24i^ 

U=a — - and u=a ^ k, (15) 

4a 2 z 2 + l / 3 \ 2 / 1 \ 2 

4o2 ( 2 3 + 12t __^ + ^ 

respectively, where z = x — 6a 2 1 and a is an arbitrary constant. These solutions can be found 
also in [TT]. Note that solution and the second solution of (fl"5|) are presented in [TT] with 
misprints. 

Combining the simple transformation u = y6U that connects the form (|12|) of the mKdV 
equation with the form 

u- t + tt 2 tti + u xxx = (16) 

and transformation ([7]), we obtain the formula 

u = V6e- 1 h ^ dt U (j e- 2 f h ^ dt dt, x) . 
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Using this formula and solutions (|13p - (|15p we can easily construct exact solutions for the equa- 
tions of the general form 

u t + u 2 u x + e- 2 f hdt u xxx + hu = 0, (17) 

which are preimages of (|16p with respect to transformation ([7]). Here h = h(t) is an arbitrary 
nonvanishing smooth function of the variable t. 

For example, the two-soliton solution (fbl|) leads to the following solution of (fTTP 

n = V6e-I hdt V 4(12 J V ^ 



2ai 2d2 J V 4aia2 



where a%, b% are arbitrary constants, Oi = aix — af f e 2 f hdt dt + bi, % = 1, 2; A = ( — ) . 

V a l+ a 2/ 

In a similar way one can easily construct one-soliton and rational solutions for equations from 
class (fTTj) . 

More complicated transformation of the form 

u = v/6e- / hdt U (j fe~ I^ +2h ^ dt dt, e~ f qdt x -f( p -*) e -J i di dt) - — 



V 



allows us to use solutions (11)— (13) of equation (fT2|) for construction of exact solutions of equa- 
tions of the form 

u t + fu 2 u x + fe 2 f {q - h)dt u xxx + hu + (p + qx)u x + kuu x + ^ (k t + kh - k^j = 0, (18) 



which are preimages of equation (|16j) with respect to transformation (|9|). Here f,h,k,p and q 
are arbitrary smooth functions of the variable t, f 7^ 0. 

For example, the solution of (I18p obtained from the one-soliton solution (11) has the form 

u = V6e-f hdt U+ - ,f ° 2 V A. 

\ A /4a 2 + ^coshz + 2a / 2/ 

Here z = k e-fi dt x - k f (p - e~^ qdt dt - k (6a 2 + jfeg) / fe~ I(i+ 2h ) dt dt + 6, where k ,a 
and 6 are arbitrary constants. In a similar way one can easily construct two-soliton and rational 
solutions for equations from class (|18p . 



5 Conclusion 

In this paper group classification problems for class (jSJ) and two more classes of variable coefficient 
mKdV equations which are reducible to class © by point transformations are carried out with 
respect to the corresponding equivalence groups. Using the normalization property it is proved 
that these classifications coincide with the ones carried out up to general point equivalence. The 
classification lists extended by equivalence transformations are also presented. Such lists are 
convenient for applications. 

It is shown that the usage of equivalence groups is a crucial point for exhaustive solution 
of the problem. Moreover, equivalence transformations allow one to construct exact solutions 
of different types in a much easier way than by direct solving. These transformations can 
also be utilized to obtain conservation laws, Lax pairs and other related objects for equations 
reducible to well-known equations of mathematical physics by point transformations without 
direct calculations. 
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